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Abstract
Two integrable quantum spin ladder systems will be introduced associated with
the fundamental su(2|2) solution of the Yang–Baxter equation. The first model
is a generalized quantum Ising system with Ising rung interactions. In the
second model the addition of extra interactions allows us to impose Heisenberg
rung interactions without violating integrability. The existence of a Bethe ansatz
solution for both models allows us to investigate the elementary excitations for
antiferromagnetic rung couplings. We find that the first model does not show
a gap whilst in the second case there is a gap for all positive values of the rung
coupling.

PACS numbers: 0550, 0365F, 0420J

The study of spin ladder systems continues to receive a great deal of interest from both
theoretical and experimental points of view providing new insights into low-dimensional
quantum systems. By now it is well established that the Heisenberg spin- 1

2 ladders with an even
number of legs are found to have a finite energy gap while those with an odd number of legs
show gapless spin excitations and these results have been verified experimentally in a number of
systems [1]. Under hole-doping these ladders are predicted to pair and may superconduct. The
quantum phase transition between the gap and gapless phase also proves to be both theoretically
and experimentally interesting. Several generalized ladders incorporating interactions beyond
simple rung and leg exchange have appeared in the literature and demonstrate remarkably
interesting behaviour in relation to the ground state structure and excitation spectra (see, for
example, [2, 3]).

Another approach has been to derive quasi two-dimensional systems using the well
established theories from one dimension. A number of integrable ladder systems involving
tunable interaction parameters can been found in the literature for which some thermodynamic
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quantities have been obtained [4–15]. An example is the two-leg zigzag Majumdar–Ghosh
ladder [4], which was generalized in [5] using higher-order conservation laws of the Heisenberg
chain to obtain an exactly solvable model. Along the same lines, Frahm and Rödenbeck used
an algebra homomorphism to develop an integrable family of coupled Heisenberg spin- 1

2
chains [6].

Various ladder models have been developed by an extension of the symmetry algebra
[8, 9, 11–13, 16]. Families of n-leg spin- 1

2 ladders were obtained from su(N) spin chains
in [11] and this work was extended in [17]. An su(2)-invariant spin- 1

2 ladder model was
introduced in [8] and showed both isotropic exchange and biquadratic interactions. A solution
of this model was obtained in [12] by showing that the model can be made to satisfy the Hecke
algebra. Another example is the ladder model formulated using the Hubbard model in [15]. A
new set of novel spin ladder models possessing extra free parameters were introduced in [14],
which were shown to reduce to those of Wang [16] for the su(4) and su(3|1).

In this work we present two new solvable ladder systems with coupled rung interactions.
We begin with the su(2|2) invariant solution of the Yang–Baxter equation [18] which under
a Jordan–Wigner transformation can be considered as a generalized quantized Ising model.
Ising rung interactions can be coupled into the model without corrupting the integrability
of the system. However, an attempt to directly introduce Heisenberg interactions fails. To
overcome this, we apply a basis transformation, which yields a Hamiltonian which does
commutes with the Heisenberg rung interaction. We present the Bethe ansatz solution and
the resulting expression for the energy is obtained. An analysis of the Bethe ansatz solution
shows that for the generalized Ising case there is no gap for the elementary excitations. On
the other hand, the model with Heisenberg interactions does show a gap for all positive values
of the coupling parameter J . This situation is in some contrast to other recently proposed
generalized spin ladder systems formulated within the quantum inverse scattering method
(QISM) [13, 15, 16]. In these cases the gap closes at some critical value greater than zero.
Numerical and experimental results suggest that the gap should prevail for all positive values
of J [1].

The first model has a local Hamiltonian of the following form:

Hi,j =
[
σ +

i σ−
j + σ−

i σ +
j + 1

2 (σ z
i + σ z

j )
] [

τ +
i τ−

j + τ−
i τ +

j + 1
2 (τ z

i + τ z
j )

]
+ 1

2J (σ z
i τ z

i + σ z
j τ z

j ) (1)

where J above can take arbitrary real values. The sets {σ±
j , σ z

j } and {τ±
j , τ z

j } are two commuting
sets of Pauli matrices acting on site j which describe interactions on the two legs of the ladder.

The global Hamiltonian

H =
N∑

j=1

Hj,j+1

with periodic boundary conditions is integrable as a result of the QISM. In this case, the
R-matrix satisfying the Yang–Baxter equation is the fundamental su(2|2) solution [18] from
which the Hamiltonian is derived in the usual manner through the QISM for J = 0. It is
pertinent to mention at this point that the R-matrix solution of the Yang–Baxter equation is
used in an ungraded context here. This is achieved by means of the well known Jordan–Wigner
transformation mapping between canonical spin and Fermi operators. We can arbitrarily couple
(with coupling J ) the Ising rung interactions in the model above by virtue of the fact that these
terms commute with the Hamiltonian (1).

In order to obtain a model with Heisenberg rung interactions we introduce additional terms
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into the Hamiltonian which now reads as

Ȟ =
N∑

j=1

{[
σ +

j σ−
j+1 + σ−

j σ +
j+1 + 1

2 (σ z
j + σ z
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j+1 + 1
2 (τ z

j + τ z
j+1)

]
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j τ +

j )(σ +
j+1τ

−
j+1 + σ−

j+1τ
+
j+1) − 1

4 (σ z
j − τ z

j )(τ z
j+1 − σ z

j+1)

+ 1
2J (σj · τ j + σj+1 · τ j+1)

}
. (2)

In the absence of rung interactions, the local Hamiltonians for the two models are related
through the following basis transformation:

| ↑, ↑〉 → | ↑, ↑〉
| ↑, ↓〉 → 1√

2
(| ↑, ↓〉 − | ↓, ↑〉)

| ↓, ↑〉 → 1√
2
(| ↑, ↓〉 + | ↓, ↑〉)

| ↓, ↓〉 → | ↓, ↓〉.
(3)

Note that it is possible to include more general interactions in both models, such as an applied
magnetic field, which will commute with these Hamiltonians. However, here we will limit
ourselves to only those described above.

It can been seen for both models that besides the rung interaction, there are Ising
interactions along the legs and in addition there exist XX correlated exchanges and four-body
biquadratic XX exchange interactions. In the absence of rung interactions both models retain
non-trivial spin interactions between the legs.

From the Bethe ansatz solution which we present below, we can determine the behaviour
of the elementary excitations for the systems. For the Hamiltonian (1), the energy levels are
given by

E =
n1+n2+n3∑

j=1

1

λ2
j + 1

4

− N − J (N − 2n2 − 2n3) (4)

while for the second model (2) they read as

Ě =
n1+n2+n3∑

j=1

1

λ2
j + 1

4

− N − J [3N − 4(n1 + n2 + n3)]. (5)

Here N is the lattice length and n1, n2, n3 are quantum numbers for the eigenstates. In
both cases the variables λj are solutions of the following Bethe ansatz equations (BAE).
These equations are different from those given, for example, in [19] since the Jordan–Wigner
transformation from Fermi operators to spin operators induces sector-dependent twisted
boundary conditions. However, the procedure to obtain these equations in this case follows in
much the same way so we simply give the final result:(

λk − i/2

λk + i/2

)N

=
n2+n3∏
j=1

λk − µj + i/2

λk − µj − i/2

n1+n2+n3∏
l=1,l =k

λl − λk + i

λl − λk − i
k = 1, . . . , n1 + n2 + n3

n3∏
m=1

νm − µj + i/2

νm − µj − i/2
= −(−1)(N+n2+n3)

n1+n2+n3∏
k=1

λk − µj + i/2

λk − µj − i/2
j = 1, . . . , n2 + n3

n3∏
l=1,l =m

νl − νm + i

νl − νm − i
=

n2+n3∏
j=1

νm − µj − i/2

νm − µj + i/2
m = 1, . . . , n3.

(6)

For the first model (1), there is no gap when J = 0. For large values of J , in which case
the rung interactions dominate, there is still no gap due to the non-uniqueness of the ground
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state for a two-site Ising system. This observation is confirmed from the BAE. An elementary
excitation is characterized by the quantum numbers n2 = n3 = 0 and n1 = 1. Solving the
BAE yields the energy expression from (4)

E = 1

λ2 + 1
4

− N − JN (7)

where λ = 1
2 cot(πk/N), k = 1, . . . , N − 1. Choosing k = 1, then the thermodynamic limit

N → ∞ shows that λ → ∞ and hence there is no gap.
Now we turn our attention to the second model (2). Again there is no gap for J = 0. In

the limit of large J , the ground state consists of a product of rung singlets indicating a gap to
any excited state. Using the same solution of the BAE as in the above case, the energy of an
excited state in this model is given from (5) by

Ě = 1

λ2 + 1
4

− N − J (3N − 4). (8)

It is apparent that there is a gap of

� = 1

λ2 + 1
4

+ 4J. (9)

In the thermodynamic limit we can allow λ → ∞ which shows that a gap of � = 4J persists.
Our analysis shows that there is always a gap for this model in the case of antiferromagnetic
Heisenberg interactions along the rungs of the ladder. Only in the limit of vanishing coupling
J does the gap close.

In conclusion, we make the observation that the behaviour of the models (1) and (2) is
in some constrast to the usual two-leg Heisenberg ladder. We find in these models that the
ground state consists of a product of rung states for all values of the coupling J > 0 while in
the Heisenberg ladder this behaviour is true in the strong-coupling limit but, for weak coupling,
strong quantum fluctuations arise. We emphasize that this character in models (1) and (2) is
not dependent on the overall sign of the bulk Hamiltonian. In each case the energy spectrum
(when J = 0) is symmetric about the zero energy level.
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